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ABSTRACT
We consider the effects that accretion from the interstellar medium onto the particles
of an N-body system has on the rate of two-body relaxation. To this end, we derive an
accretion-modified relaxation time by adapting Spitzer’s two-component model to in-
clude the damping effects of accretion. We consider several different mass-dependencies
and efficiency factors for the accretion rate, as well as different mass ratios for the two
components of the model.
The net effect of accretion is to accelerate mass segregation by increasing the
average mass m¯, since the relaxation time is inversely proportional to m¯. Under the
assumption that the accretion rate increases with the accretor mass, there are two
additional effects that accelerate mass segregation. First, accretion acts to increase
the range of any initial mass spectrum, quickly driving the heaviest members to even
higher masses. Second, accretion acts to reduce the velocities of the accretors due
to conservation of momentum, and it is the heaviest members that are affected the
most. Using our two-component model, we quantify these effects as a function of
the accretion rate, the total cluster mass, and the component masses. We conclude
by discussing the implications of our results for the dynamical evolution of primordial
globular clusters, primarily in the context of black holes formed from the most massive
stellar progenitors.
Key words: globular clusters: general – stellar dynamics – stars: formation – black
hole physics.
1 INTRODUCTION
For most of the life of a massive star cluster, two-body relax-
ation is the dominant physical mechanism driving its evo-
lution (e.g. Henon 1960, 1973; Spitzer 1987; Heggie & Hut
2003; Gieles, Heggie & Zhao 2011). That is, the cumulative
effects of long-range gravitational interactions between stars
act to alter their orbits within the cluster. These interac-
tions push the cluster toward a state of energy equipar-
tition in which all objects have roughly the same kinetic
energy. Consequently, the velocities of the most massive
objects decrease, and they accumulate in the central re-
gions of the cluster. Similarly, the velocities of the low-
est mass objects increase, and they are subsequently dis-
persed to wider orbits. This mechanism, called mass seg-
regation, also contributes to the escape of stars from their
host cluster across the tidal boundary, with the probability
of ejection increasing with decreasing stellar mass. There-
⋆ E-mail: nleigh@rssd.esa.int (NL), asills@mcmaster.ca (AS),
tboeker@rssd.esa.int (TB)
fore, two-body relaxation acts to slowly modify the radial
distribution of stellar masses within clusters, and can cause
very dynamically evolved clusters to be severely depleted
of their low-mass stars (e.g. von Hippel & Sarajedini 1998;
De Marchi, Paresce & Portegies Zwart 2010; Leigh et al.
2012).
Energy equipartition is an idealized state that should
arise after the cumulative effects of many long-range inter-
actions. In a real star cluster with a full spectrum of stellar
masses, however, equipartition may not actually be achiev-
able (e.g. Binney & Tremaine 1987; Heggie & Hut 2003). As
mentioned, the tendency towards energy equipartition re-
duces the velocities of the heaviest stars, causing them to
sink in to the central cluster regions. Here, they are re-
accelerated by the central cluster potential and gain kinetic
energy. As this process proceeds, it leads to a contraction of
the core and subsequently a shorter central relaxation time
(e.g. Spitzer 1987; Heggie & Hut 2003). A shorter relaxation
time leads to a faster rate of energy transfer from heavier to
lighter stars. Eventually, this makes the heaviest stars evolve
away from equipartition.
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This was first demonstrated by Spitzer (1969) using
analytic techniques and a number of simplifying assump-
tions. Spitzer (1969) adopted a two-component system with
masses m1 and m2 (where m1 > m2), forming sub-systems
with total masses M1 and M2. Provided that M1 ≪ M2,
Spitzer derived the conditional requirement for a cluster
to achieve energy equipartition in equilibrium. Based on
this, Spitzer argued that energy equipartition could not be
achieved in a cluster with a realistic mass spectrum, since
there should always be enough mass in the heavier species
for it to form a sub-system in the central cluster regions
that decouples dynamically from the lighter species. This is
commonly called the Spitzer instability (e.g. Spitzer 1987;
Heggie & Hut 2003; Portegies Zwart et al. 2004).
A particularly compelling example of the Spitzer in-
stability involves stellar-mass black holes (BHs) in globular
clusters (GCs). Phinney & Sigurdsson (1991) first argued
that BHs formed from the most massive stars should rapidly
segregate into the core where they decouple dynamically
from the rest of the cluster to form a distinct sub-system.
Three-body scattering events then lead to the formation of
BH-BH binaries, which in turn encounter other BHs and
BH-BH binaries. These 3- and 4-body interactions are suf-
ficiently energetic to eject the BHs from the cluster. In the
end, most BHs are expected to be ejected, leaving only a
handful behind.
This picture has recently been challenged in the liter-
ature. In particular, several authors have argued that the
Spitzer instability should break down before most BHs are
ejected (e.g. Moody & Sigurdsson 2009), and that the time-
scale for all BHs to be ejected could exceed a Hubble time in
some clusters (e.g. Downing et al. 2010). This view is sup-
ported by recent claims in the literature that stellar-mass
BHs may be present in GCs in surprising numbers. For
instance, Strader et al. (2012) recently reported two flat-
spectrum radio sources in M22, which appear to be accreting
stellar-mass BHs. This suggests that this cluster could con-
tain on the order of ∼ 5−100 stellar-mass BHs. If BHs were
indeed efficiently dynamically ejected, this, in turn, would
suggest that a more substantial population of BHs once ex-
isted in M22, and likely other GCs as well.
The emerging picture for the formation of massive
GCs involves multiple episodes of star formation (e.g.
Piotto et al. 2007; Gratton, Carretta & Bragaglia 2012;
Conroy & Spergel 2011; Conroy 2012). In this context,
Leigh et al. (2013) recently considered the implications of
the mass growth of BHs formed from massive progenitors
belonging to the first generation due to accretion from the
interstellar medium. The authors argued that, in principle,
BHs could deplete a significant fraction of the available gas
reservoir within . 108 years. If BHs were indeed to accrete
efficiently from the ISM, they should not only grow in mass,
but their velocities should also decrease due to conservation
of momentum. This should preferentially accelerate the pro-
cess of mass segregation for the BHs, causing them to rapidly
accumulate in the central regions of the cluster if they did
not form there in the first place. This could accelerate the
dynamical decoupling of the BH sub-population from the
rest of the system, and hence the phase of dynamical BH
ejections due to the Spitzer instability.
In this paper, we consider how accretion from the in-
terstellar medium affects the rate of mass segregation in a
star cluster. We are especially interested in the implications
for BHs in primordial GCs. Thus, we re-visit Spitzer’s two-
component model to derive an accretion-modified relaxation
time. We argue that the rate of mass segregation should be
affected by accretion in the following way. First, assuming
the accretion rate increases with the accretor mass, accre-
tion acts to increase the range of any initial mass spectrum,
driving the heaviest members to higher masses the fastest.
Second, accretion acts to reduce the velocities of the accre-
tors due to conservation of momentum, and it is the heaviest
members whose velocities are reduced the fastest. Both of
these effects exacerbate the Spitzer instability, and should
accelerate the rate of mass segregation in a primordial star
cluster.
In order to better quantify this qualitative picture,
we present our adapted version of Spitzer’s two-component
model in Section 2. Specifically, we derive an accretion-
modified relaxation time, as well as the critical accretion
rate at which the rates of mass segregation due to both two-
body relaxation and accretion are equal. We present our
results in Section 3 for several different assumptions regard-
ing the total cluster mass and accretion rate. In Section 4,
we discuss the implications of our results for both star for-
mation and stellar remnants in primordial globular clusters.
We summarize our results in Section 5.
2 METHOD
In this section, we present our analytic derivation of an
accretion-modified relaxation time for a two-component
model star cluster, and derive the critical accretion rate re-
quired for the mass segregation timescales due to two-body
relaxation and accretion to be equal. We begin by summariz-
ing briefly the relevant background related to both two-body
relaxation and accretion.
2.1 Two-body relaxation
Consider a two-component model for a star cluster with
component masses m1 and m2, such that m1 > m2. The
populations for these two species have total masses M1 and
M2 withM1 ≪M2. We let v2 denote the initial mean square
speed of both species, since at birth the cluster is not in
a state of energy equipartition. The e-folding time for the
tendency to equipartition bears a striking resemblance to
the relaxation time (Heggie & Hut 2003). Thus, to order of
magnitude, the relaxation time can be approximated by cal-
culating the time required for the mean square speed of the
heavier species to fall from v2 to a value ∼ m2v2/m1.
If the potential well of the lighter species is mod-
elled using a parabolic profile, then equipartition will lead
to the heavier species being confined to a region of size
∼ rh
√
m2/m1 (Heggie & Hut 2003). The total mass of the
heavier species within this region isM1, whereas that for the
lighter species is M2(m2/m1)
3/2. At this point, however, it
is not clear whether or not the lighter species remains the
dominant mass component in this region. If not, the heavier
species becomes increasingly affected by its own self-gravity,
and can decouple dynamically from the remainder of the
system. Consequently, it may only be possible to achieve
c© 2011 RAS, MNRAS 000, 1–9
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equipartition provided (Spitzer 1969; Heggie & Hut 2003):
M1 6 M2
(m2
m1
)3/2
. (1)
This is known as Spitzer’s criterion.
In general, the half-mass relaxation time approximates
the rate of two-body relaxation throughout the entire clus-
ter. In GCs, it ranges from roughly a few hundred million
years to the age of the Universe or longer, and is approxi-
mated by (Spitzer 1987):
τrh[yr] = 1.7 × 105[rh[pc]]3/2N1/2[m¯[M⊙]]−1/2, (2)
where rh is once again the half-mass radius, N is the to-
tal number of stars within rh, and m¯ is the average stellar
mass. We assume that the value of rh remains constant in
time. This is reasonable since simulations have shown that
rh changes by not more than a factor of a few over the
course of a typical cluster’s lifetime (Henon 1973; Spitzer
1987; Heggie & Hut 2003; Webb, Harris & Sills 2012). The
timescale for mass segregation due to two-body relaxation
for an object of mass m is then approximately (Vishniac
1978):
τseg,2body(m) =
m¯
m
τrh. (3)
2.2 Accretion
A strict theoretical upper limit for the accretion rate is
given by the Bondi-Hoyle limit (Bondi & Hoyle 1944). In
this approximation, the accretion is spherically symmetric,
and the forces due to gas pressure are insignificant com-
pared to gravitational forces. The background gas is treated
as uniform and either stationary or moving with constant
velocity relative to the accretor. This assumption gives rea-
sonable accretion rates in the low-density, low-angular mo-
mentum regime. That is, provided the properties of the gas
are such that the density, velocity, and total angular mo-
mentum are low, at least in the vicinity of the accretor,
the Bondi-Hoyle limit approximately describes the true ac-
cretion rate (e.g. Fryxell & Taam 1988; Ruffert 1994, 1997;
Foglizzo & Ruffert 1999).
For large accretor masses and high gas densities, the
Bondi-Hoyle rate can become extremely high. Here, pres-
sure forces could play an important role in reducing the ac-
cretion rate. Indeed, this occurs if the outward continuum
radiation force balances the inward gravitational force. This
limit, called Eddington-limited accretion, gives considerably
more modest accretion rates in the high gas density regime
(Eddington 1926, 1930). The Eddington rate should also be
much closer to the true accretion rate if the gas contains sig-
nificant angular momentum, and accretion proceeds mainly
via angular momentum re-distribution within a disk (e.g.
Rybicki & Lightman 1979).
In general, theoretical studies have shown that the ex-
act accretion rate can deviate substantially from the ideal-
ized cases described by Bondi-Hoyle and Eddington-limited
accretion. For example, when an accretor is radiating at
above the Eddington luminosity, significant amounts of gas
can be expelled at high velocities due to the intense winds
that are initiated (e.g. King & Pounds 2003). This con-
tributes to a reduction in the overall accretion rate. On the
other hand, at very high accretion rates, photon-trapping
can occur. This makes accretion disks radiatively inefficient
and provides a means of circumventing the Eddington limit
(Paczynsky & Wiita 1980).
Numerical studies have also revealed the sensitivity of
the accretion rate to small-scale gas dynamics. Recent work
by Krumholz, McKee & Klein (2006) considered gas accre-
tion onto point masses in a supersonically turbulent medium
characterized by background density and velocity distribu-
tions that vary in both time and space. The authors show
that in this regime, the accretion rate can either be de-
scribed by the classical Bondi-Hoyle approximation, or a
vorticity-dominated flow. In the latter case, the accretion
rate can be significantly reduced relative to what is predicted
by the Bondi-Hoyle limit (Krumholz, McKee & Klein 2004,
2005). Even more recently, Park & Ricotti (2013) studied
the growth and luminosity of BHs in motion with respect
to their surrounding medium using two-dimensional axis-
symmetric numerical simulations. The authors show that
the accretion rate can actually increase with increasing BH
velocity, contrary to the naive predictions of simple analytic
theory (Hoyle & Lyttleton 1939).
In summary, theoretical work has shown that a wide
range of accretion rates are possible. We will use the Bondi-
Hoyle and Eddington limits for the accretion rate (combined
with an accretion efficiency parameter) since these provide
two different dependences on the accretor mass. However,
the derivation presented in the subsequent section can be
used to model other mass-dependences for the accretion rate
as well.
2.3 Deriving the Relaxation Time
We are interested in the mass segregation timescale due
to two-body relaxation for the heavier species in the two-
component model described in Section 2.1. To first order,
this is approximated by:
τseg,2body(m1, t) =
m¯(t)
m1(t)
τrh(t), (4)
where τrh(t) denotes the half-mass relaxation time obtained
by using the total number of objects N = N1 + N2 and
average object mass m¯(t) = (m1(t)N1+m2(t)N2)/(N1+N2)
in Equation 2.
We calculate the time-dependence for the mass of an
object belonging to species i as follows. First, assuming an
object of initial mass mi(0) accretes at a rate m˙i = dmi/dt
for a total time t, we have:
mi(t) = mi(0) +
∫ t
0
m˙idt. (5)
For the accretion rate, we assume a mass-dependence of the
form:
m˙i = λδm
ǫ
i , (6)
where λ, δ, and ǫ are all free parameters. The power-law
exponent ǫ decides the mass-dependence for the accretion
rate. The accretion coefficent δ is derived according to the
physical assumptions that decide the rate of accretion. For
example, adopting the Bondi-Hoyle approximation implies
ǫ = 2, and (e.g. Bondi & Hoyle 1944; Maccarone & Zurek
c© 2011 RAS, MNRAS 000, 1–9
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2012; Leigh et al. 2013):
δ = 7× 10−8M−1⊙ yr−1
( n
106cm−3
)( √c2s + v2
106cms−1
)−3
, (7)
where n is the particle number density, cs is the sound speed,
and v2 is the root-mean-square speed. Similarly, assuming
Eddington-limited accretion implies ǫ = 1, and (Eddington
1926, 1930):
δ =
4πG
ηκc
= 2.2× 10−8yr−1,
(8)
where c is the speed of light, ηc2 is the accretion yield from
unit mass, and κ is the electron scattering opacity. We take
κ = 0.34 cm2 g−1, which assumes a hydrogen mass fraction
of X = 0.7. We further adopt η = 0.1, which is reasonable
if the accretors are BHs since this parameter quantifies the
amount of energy radiated away during accretion. The ac-
cretion efficiency parameter λ, on the other hand, is left as
a free parameter in our model.
In order to solve for the accretor mass as a function of
time, Equation 5 can be re-written such that the integral is
with respect to mass. Provided ǫ > 1, this gives for the mass
of an object belonging to species i at time t:
mi(t) =
(
mi(0)
1−ǫ + λδ(1− ǫ)t
)1/(1−ǫ)
. (9)
Similarly, for ǫ = 1, we have:
mi(t) = mi(0)e
λδt. (10)
We arrive at the mass segregation timescale due to two-
body relaxation for the heavier species by substituting either
Equation 9 or Equation 10 for both species 1 and 2 into
Equation 4.
In addition to two-body relaxation, accretion should
also affect the stellar velocities via conservation of momen-
tum. Provided the accretion rate increases with increasing
accretor mass, this will reduce the kinetic energy of the heav-
ier species faster than the lighter species, in rough analogy
with the effects of two-body relaxation. Thus, accretion-
induced changes in the stellar velocities should accelerate
the rate of mass segregation. We calculate the time needed
for accretion to change the velocities of the heavier species
from a root-mean-square speed of v2 to a value of m2/m1v
2.
This corresponds to the time for accretion to affect the ve-
locities of the heavier species by roughly the same amount
as is done by two-body relaxation over a single relaxation
time.
For a given accretion rate and initial masses, we calcu-
late the time needed for the mean square speed of the heavier
species to reach a value m2(t)v
2/m1(t) using conservation
of momentum, from an initial value v. The time needed for
the heavier species to reach equipartition via accretion can
then be written:
τseg,acc(m1, t) =
∫ m1,f (t)
m1(t)
dm1
m˙1
, (11)
where the final mass is m1,f =
√
m31/m2 by conservation of
momentum.
Substituting m1,f(t) =
√
m1(t)3/m2(t) into Equa-
tion 11, we arrive at the timescale needed for accretion to
push the heavier species into approximate equipartition:
τseg,acc(m1, t) =
m1(t)
1−ǫ
(
(m1(t)/m2(t))
(1−ǫ)/2 − 1
)
λδ(1− ǫ) ,
(12)
for ǫ > 1. Similarly, for ǫ = 1 or Eddington-limited accretion,
we obtain using Equation 10:
τseg,acc(m1, t) =
ln(m1(t)/m2(t))
2λδ
. (13)
We consider accretion rates with a mass-dependence such
that ǫ > 1, since this includes both Bondi-Hoyle and
Eddington-limited accretion, as well as intermediate and
even steeper mass accretion rates.
The total rate (taken to be the inverse of the total mass
segregation timescale τseg,tot) at which the heavier species
achieves mass segregation can be written as the sum of the
rate of two-body relaxation and the rate at which accretion
pushes the heavier species to equipartition. Re-arranging
this equation, we arrive at the total accretion-modified mass
segregation timescale for the heavier species:
τseg,tot(m1, t) =
τseg,acc(m1, t)τseg,2body(m1, t)
τseg,acc(m1, t) + τseg,2body(m1, t)
. (14)
2.4 Deriving the critical accretion rate
To derive the critical accretion rate δcrit at which two-body
relaxation and accretion drive the mass segregation process
at the same rate, we set τseg,acc = τseg,2body and solve for δ
as a function of ǫ, λ, m1, m2, and trh. This gives for ǫ > 1:
δcrit =
m1(t)
2−ǫ
(
(m1(t)/m2(t))
(1−ǫ)/2 − 1
)
λ(1− ǫ)m¯(t)trh(t)
. (15)
The procedure is similar for ǫ = 1, except we use Equa-
tion 13 instead of Equation 12. This gives for Eddington-
limited accretion:
δcrit =
m1(t) ln(m1(t)/m2(t))
2λm¯(t)trh(t)
. (16)
In Section 3, we will use Equation 15 and Equation 16
in order to study the interplay between our assumptions re-
garding the gas properties, which affect the accretion rate,
and our assumption for the total cluster mass, which deter-
mines the rate of two-body relaxation.
2.5 Accretion efficiency
Given our limited understanding of the precise physics of
accretion onto a BH, it is not possible to reliably define
a functional form for the accretion efficiency parameter λ.
In principle, any realistic accretion model should include a
time-dependence for λ(t).1 For example, fluctuations in the
local gas density due to turbulence, a gradual or even sudden
depletion of the available gas reservoir, or dynamical inter-
actions between accreting objects may cause the accretion
efficiency to vary over time.
Our analysis is easily modified to treat time-dependent
accretion rates by substituting an appropriate choice for λ(t)
1 Alternatively, the time-dependence can be absorbed directly
into the parameter δ in Equations 12 and 13.
c© 2011 RAS, MNRAS 000, 1–9
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into either Equation 12 or 13, and then solving for τseg,acc.
Plausible choices for λ(t) may either oscillate or decline
(steadily or abruptly) in time. The first case, i.e. an oscillat-
ing accretion efficiency, is more easily understood, because
under these circumstances, our analysis can simply be inter-
preted as discussing the time-averaged accretion efficiency
parameter. Thus, in the subsequent sections, we assume an
oscillating (or constant) accretion efficiency parameter, and
discuss only the time-averaged value.
For example, the function λ(t) = (1 + sin(πt/t0)) oscil-
lates between 0 and 2 with a frequency of 2/t0. In this case,
the time-averaged value for λ(t) is equal to 1, so that the
time-averaged value for τseg,acc remains the same as for a
constant λ = 1.
Accretion efficiency parameters that oscillate in time
should be suitable to cases where the accretors have alter-
nating “on” and “off” phases. This may well be the case with
accreting BHs, since the radiation emitted due to accretion
can heat the surrounding gas, which in turn decreases the
accretion rate (e.g. Blaes, Warren & Madau 1995). In this
case, the source of energetic photons responsible for heating
the gas is turned off, allowing the gas to cool and accretion to
re-start in a “feedback regulated” loop (e.g. King & Pounds
2003; Yuan, Xie & Ostriker 2009).
Accretion efficiency parameters that decline in time
should be appropriate to cases where the available gas reser-
voir is depleted over time. This could arise gradually if the
gas is used to form stars, or if significant quantities of gas
are accreted by BHs. Alternatively, the gas reservoir could
be depleted suddenly, e.g. due to, energy injected from su-
pernovae, stellar winds, or winds from accreting compact ob-
jects. In either case, Equations 12 and 13 should include the
explicit time-dependence for the accretion efficiency param-
eter. This will contribute to an increase in τseg,acc with time,
since the decreasing gas mass should translate into a decreas-
ing gas density, and hence accretion rate. In Section 3, we
will assume that the amount of gas lost from the system is
negligible over the calculated mass segregation timescales,
and our interpretation of λ as a time-independent quantity
remains valid. This is reasonable provided the mass segre-
gation timescales due to accretion are much less than the
timescale for gas depletion. As we will show in Section 3,
the current picture for the formation of globular clusters
and their multiple populations is consistent with this sce-
nario (e.g. Krause et al. 2012, 2013; Leigh et al. 2013).
3 RESULTS
In this section, we present the results of our analytic two-
component model for an accretion-modified two-body relax-
ation time. Our aim is to quantify the relative rates at which
two-body relaxation and gas accretion drive a star cluster
towards mass segregation, as a function of our assumptions
for the gas properties, component masses, and total sys-
tem mass. To this end, we present the time evolution of all
three mass segregation timescales, namely τseg,acc, τseg,2body,
and τseg,tot, and discuss the critical accretion rate required
for the mass segregation timescales due to two-body relax-
ation and accretion to be equal as a function of the mass-
dependence for the accretion rate.
3.1 Time evolution of the mass segregation
timescales
We begin by quantifying the relative rates of mass segrega-
tion due to two-body relaxation and gas accretion for dif-
ferent model assumptions. Specifically, we consider several
different mass ratios and total system masses for our two-
component model, as well as different mass-dependences for
the rate of accretion. This is meant to quantify the sensitiv-
ity of the two different mass segregation mechanisms to the
cluster and gas properties that decide their rates.
First, we describe our assumptions for the two-
component model star cluster, which are needed in order
to calculate τseg,2body. We adopt m2 = 1 M⊙ for the lighter
species, but consider two different masses for the heavier
species, namely m1 = 10 M⊙ and m1 = 50 M⊙. We assume
a population size of N1 = 10
2 for the heavier species, but
vary the population size of the lighter species by considering
the values N2 = 10
5, 106, 107. The component masses and
population sizes are chosen to represent reasonable mass ra-
tios between the average stellar and BH masses, and to en-
sure that the Spitzer criterion (i.e. Equation 1) is initially
satisfied. We adopt a half-mass radius for our model clus-
ter of rh = 10 pc, and note that assuming a lower value for
the half-mass radius would only shorten the calculated mass
segregation timescales.
Next, we describe our assumptions for the properties of
the accreted gas, which are needed to calculate τseg,acc, and
therefore τseg,tot. We assume a uniform time-independent
gas density throughout the cluster, so that the accretion
rate changes only with the stellar mass. We further assume
that the gas is always at rest relative to the accretor when
calculating the final accretor velocity using conservation of
momentum. For the accretors, we adopt a root mean-square-
speed of v = 10 km s−1, which is guided by the relation
v =
√
2GM/5rh (Binney & Tremaine 1987) for a total clus-
ter massM ∼ 105−106 M⊙. For the gas, we assume a sound
speed of cs = 10 km s
−1, and a particle number density of
n = 106 cm−3. These assumptions should be reasonable for
what is expected in a massive primordial GC for the first
∼ 108 years (e.g. D’Ercole et al. 2008; Maccarone & Zurek
2012; Conroy 2012; Krause et al. 2012, 2013; Leigh et al.
2013).
We show our results for two different mass-dependencies
for the accretion rate. The left panels in Figure 1 show our
results assuming ǫ = 2 in Equation 6, which corresponds
to Bondi-Hoyle accretion. We use Equation 7 for δ, and
λ = 0.1 for the accretion efficiency parameter. The panels to
the right in Figure 1 show our results assuming Eddington-
limited accretion, which means that ǫ = 1 in Equation 6 and
we use Equation 8 for δ.
The main conclusion to be drawn from Figure 1 is that,
for all but the least massive clusters and the lowest accre-
tion rates considered here, the rate of mass segregation due
to accretion can actually exceed the rate due to two-body
relaxation. The timescale at which this occurs is on the
order of ∼ 108 years. Interestingly, this timescale is sim-
ilar to the total time thought to be required for multiple
episodes of star formation to occur in primordial GCs (e.g.
Conroy & Spergel 2011; Conroy 2012). Thus, our results
suggest that accretion from the ISM could significantly affect
both the spatial and velocity distributions of the heaviest ob-
c© 2011 RAS, MNRAS 000, 1–9
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Figure 1. The mass segregation timescales due to two-body relaxation (blue curves), accretion (red curves), and the combined effects
of both (black curves), assuming either the Eddington limit with λ = 1.0 for the accretion efficiency parameter (right panels), or the
Bondi-Hoyle limit with λ = 0.1 (left panels). The solid and dashed curves apply to populations of 10 M⊙ and 50 M⊙ black holes,
respectively. The top, middle, and bottom insets correspond to total population sizes for the lighter species of N2 = 105, 106, 107,
respectively.
jects in a primordial GC before the gas reservoir is depleted.
For a typical primordial GC, this should be the case provided
the average accretion rate is greater than ∼ 5− 10% of the
Eddington-limited rate, assuming the mass-dependence for
the accretion rate is linear. Similarly, if the accretion rate
scales with the square of the accretor mass, then accretion
from the ISM is non-negligible as long as the average accre-
tion rate is greater than 1-10% of the Bondi-Hoyle rate.
3.2 The critical accretion rate
In this section, we calculate the critical accretion rate re-
quired for the rates of mass segregation due to two-body re-
laxation and gas accretion to be equal. Our aim is to quantify
the relative importance of the different parameters for the
cluster and gas properties in establishing a balance between
the competing effects of two-body relaxation and accretion.
In Figure 2, we show the critical accretion rate δcrit
as a function of the mass of the heavier species m1. These
results are calculated using Equations 15 and 16, which cor-
respond to Bondi-Hoyle (blue) and Eddington-limited (red)
accretion, respectively. In both cases, we assume a constant
mass for the lighter species of m2 = 1 M⊙, a constant
population size for the heavier species of N1 = 10
2, and
a constant accretion efficiency parameter λ = 1.0. In or-
der to vary the rate of two-body relaxation without affect-
ing the rate of mass segregation due to accretion, we con-
sider three different population sizes for the lighter species,
namely N2 = 10
5, 106, 107.
Figure 2 shows that for the case of Eddington-limited
accretion, the critical accretion rate increases with increas-
ing accretor mass. This is because, as the accretor mass in-
creases, the mass segregation timescale due to two-body re-
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Figure 2. The critical accretion rate δcrit at which the mass
segregation timescales due to two-body relaxation and accretion
are equal, shown as a function of the mass of the heavier species
m1. The blue curves show the results assuming Bondi-Hoyle ac-
cretion, whereas the red curves are for Eddington-limited ac-
cretion. The dashed, solid, and dash-dotted lines correspond to
N1 = 105, 106, 107, respectively. For both sets of curves, we as-
sume a constant mass for the lighter species of m2 = 1 M⊙, and
we set λ = 1.0 for the accretion efficiency parameter.
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laxation decreases faster than the mass segregation timescale
due to accretion. In the case of Bondi-Hoyle accretion, how-
ever, the critical accretion rate depends only very weakly on
the accretor mass, which is due to the fact that the accretion
rate scales as the square of the accretor mass. We empha-
size that with the exception of the Eddington-limited rate at
large accretor masses, the critical accretion rates are com-
parable to, or even smaller than, those observed in nearby
star-forming regions (e.g. McKee & Ostriker 2007).
4 DISCUSSION
In this section, we discuss the implications of our results for
mass segregation in primordial globular clusters, in particu-
lar with regards to black holes.
4.1 Enhanced mass segregation
One of the key conclusions arising from our analysis is that
accretion should accelerate the rate at which a star cluster
becomes mass segregated compared to two-body relaxation
alone. In fact, accretion can dominate over two-body relax-
ation in massive clusters for accretion rates that are below
the Bondi-Hoyle or Eddington-limited rates by one or even
two orders of magnitude. This is because the relaxation time
increases with the cluster mass, whereas the mass segrega-
tion timescale due to accretion is independent of the clus-
ter mass (assuming that the gas properties are independent
of the cluster mass). Our results suggest that two-body re-
laxation should dominate the mass segregation process in
low-mass primordial clusters with global relaxation times
. 107−108 years and hence total cluster masses . 104−105
M⊙, provided that our models assumptions are valid. In this
regime, accretion should only have a small effect on the rate
of mass segregation, and long-range gravitational interac-
tions should alter the accretors’ velocities faster than they
are reduced by the accretion process. In more massive clus-
ters, however, the damping effects of accretion could play a
significant role in accelerating the rate of mass segregation.
4.2 The effects of a realistic mass spectrum
Our assumption of a two-component model serves to demon-
strate the effects of accretion from the ISM on a cluster’s
dynamical evolution. The qualitative nature of our results
should hold if a realistic mass spectrum is adopted instead.
Accretion can modify the distribution of velocities on rel-
atively short timescales in gas-embedded clusters. How ex-
actly the velocities become modified depends on several pa-
rameters, in particular the mass spectrum, the total cluster
mass, the properties of the gas, and the accretion rate.
In general, we expect accretion to amplify or exacerbate
the Spitzer instability. This is due to the mass-dependence
of the accretion rate, and the fact that typically ǫ > 0 in
Equation 6 (i.e. the accretion rate), which causes the more
massive component to grow in mass the fastest. Thus, ac-
cording to Equation 1, Spitzer’s criterion should typically
break down sooner as a result of accretion. However, accre-
tion also acts to reduce the velocities of the accretors due to
conservation of momentum, and this should most strongly
impact the most massive objects due once again to the mass-
dependence of the accretion rate. This can actually serve to
combat the effects of the Spitzer instability by inhibiting the
most massive objects from decoupling dynamically from the
rest of the system once they have segregated to the central
regions of the cluster. Clearly, a more sophisticated treat-
ment will be needed in future studies in order to properly
quantify these effects and their implications for the Spitzer
instability, and a cluster’s ability to achieve energy equipar-
tition.
4.3 Gas properties and the accretion rate
We stress that our results depend sensitively on our assump-
tion for the accretion rate, which is poorly constrained, both
theoretically and observationally. Indeed, the accretion effi-
ciency parameter λ adopted in Equation 6 is needed to ac-
count for the many sources of uncertainty in the gas prop-
erties, and hence the accretion rate. For example, our as-
sumption of a uniform, time-independent gas density is an
over-simplification. For one, stellar winds and supernovae
could create over- and under-densities in the form of sheets
and/or filaments, and the efficiency of these processes should
fluctuate in time given the presence of a realistic mass func-
tion combined with stellar evolution and the cluster dynam-
ics (e.g. Krause et al. 2012, 2013). These effects could con-
tribute to a reduction in the accretion rate by increasing
the relative velocity between the gas and the accretors, or
by reducing the gas density along the trajectories of the ac-
cretors. Realistic hydrodynamical simulations of star cluster
formation will be needed in order to properly quantify these
effects and their implications for the accretion rate.
Our results can be used to guide the parameter space
relevant to these future studies. In particular, we have placed
a lower limit on the minimum accretion rate required for
accretion to significantly affect the distribution of stellar ve-
locities on timescales shorter than the relaxation time, as a
function of the cluster and gas properties. Specifically, the
results of our simple model suggest that, for a typical pri-
mordial GC, the average accretion rate cannot be much less
than ∼ 5−10% of the Eddington-limited rate, assuming the
mass-dependence for the accretion rate is linear. Similarly,
for our model assumptions, the average accretion rate can-
not be much less than 1−10% of the Bondi-Hoyle rate if the
accretion rate scales with the square of the accretor mass.
We have adopted the same root-mean-square speed for
all models, independent of the total cluster mass. This is
a reasonable assumption since the root-mean-square speed
scales as v ∝ (M/rh)0.5, and rh itself depends weakly on
the total cluster mass. Thus, in total, the root-mean-square
speed depends only very weakly on the total cluster mass.
Nevertheless, if the accretion rate scales inversely with the
velocity of the accretor, as is the case with the Bondi-
Hoyle approximation, then the dependence of the root-
mean-square speed on the total cluster mass should con-
tribute to a decrease in the accretion rate with increasing
cluster mass. A proper treatment of this effect is beyond the
scope of this paper, however, it should certainly be consid-
ered in future studies.
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4.4 Black hole dynamics
The results presented in this paper are especially relevant for
black holes in primordial globular clusters, since they should
be the most massive objects in the cluster within a few Myrs
of its formation. Recent evidence suggests that there should
be a substantial gas reservoir in GCs for the first ∼ 108 years
(e.g. Conroy & Spergel 2011), albeit perhaps intermittently,
and that nearly all BHs should form from the most mas-
sive cluster members within the first few Myrs (e.g. Maeder
2009). It follows that the BHs could have on the order of
108 years to accrete gas from the ISM. Additionally, since
any BHs formed from progenitors more massive than ∼ 50
M⊙ are only slightly less massive than the progenitors them-
selves and do not experience natal kicks (Fryer et al. 2012),
these BHs should have both the shortest mass segregation
timescales due to two-body relaxation and the highest ac-
cretion rates (ignoring BH winds and/or Compton heating;
see below).
The key point is that accretion should act to reduce
the mass segregation times of BHs in primordial GCs, and
that this effect could be dramatic. Beyond this, more de-
tailed modeling will be needed to determine the fates of
the BHs. In particular, should the increased rate of mass
segregation contribute to accelerating the onset of the hy-
pothesized phase of dynamical BH ejections? Or could the
damping effects of accretion be so dramatic that the BHs
are driven to merge (e.g. Davies, Miller & Bellovary 2011)?
If so, the formation of an intermediate-mass BH (IMBH)
could be the inevitable result. Alternatively, it could be that
black hole winds are sufficiently powerful to eject the bulk of
the gas from the cluster. Another possibility is that the gas
in the immediate vicinity of the BHs becomes very hot due
to, for example, Compton heating (Blaes, Warren & Madau
1995; Yuan, Xie & Ostriker 2009), such that the accretion
rate becomes drastically reduced and BH growth is severely
limited?
A better understanding of how the presence of signifi-
cant quantities of gas modifies the black hole dynamics in
a primordial GC could help to constrain the initial cluster
conditions. For example, if massive BHs should inevitably
merge in the presence of gas but no IMBHs are observed in
present-day GCs, does this necessarily imply that the BHs
never formed in the first place? If so, this would suggest that
stars with masses & 50 M⊙ must have been rare. This could
be the case, for instance, if massive primordial GCs were
assembled from the mergers of many low-mass sub-clumps,
as opposed to a single monolothic collapse. This is because
the mass of the most massive cluster member correlates with
the total cluster mass (e.g. Kirk & Myers 2011, 2012), and
hence the massive stellar progenitors of the most massive
BHs are unlikely to form in low-mass clusters.
5 SUMMARY
In this paper, we have considered the effects of accre-
tion from the interstellar medium on the rate of two-body
relaxation in a star cluster. To do this, we derived an
accretion-modified relaxation time by adapting Spitzer’s
two-component model to include the effects of accretion.
We considered several different mass-dependencies and ef-
ficiency factors for the accretion rate, as well as different
mass ratios for the two components of the model.
We have shown that accretion acts to increase the rate
of mass segregation. This is because the relaxation time is
inversely proportional to the average mass, which increases
due to accretion. There are two additional effects that ac-
celerate the mass segregation process, assuming that the
accretion rate increases with the accretor mass. First, ac-
cretion acts to increase the range of any initial mass spec-
trum, quickly driving the heaviest members to even higher
masses. Second, accretion acts to reduce the velocities of
the accretors due to conservation of momentum, and it is
the heaviest members that are affected the most. Using our
two-component model, these effects have been quantified as
a function of the accretion rate, the total cluster mass, and
the component masses. We have discussed our results in the
context of the dynamical evolution of primordial globular
clusters and their black hole sub-populations.
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